3AJIAUM KJIACCUYECKOTI'O
BAPUALIMOHHOT O UCUYUCJIEHUS

BapI/IaI_[I/IOHHOC HCYUCJICHUC BO3HUKIIO ITPHU UCCJICJOBAHNHU HCKOTOPBIX

IIPUKIIAAHbIX 3a/1a4.

I[IpuMmep:  kilaccuyeckas M3ONEPUMETPUYECKAs 3a7ada, B KOTOPOU
TpeOyeTCs CpeAu 3aMKHYTBIX KPHUBBIX, MMCIOIIMX 3aJaHHYIO JIMHY,

HaWTH KPUBYIO, OXBATHIBAIOIIYIO HAMOOJIBIIYIO IJIOMIAdb.



ITocTaHoBKAa 3a1a4YU KJIACCHYECKOI0 BAPHAIITNOHHOI'0O HCYHUCICHUS

[TocTanoBKa Ha s3bIKE (YHKIIMOHAIBHOTO aHAIHU3A:

3aoauu 6ApUAUUOHHO20 UCHUCNIeHUA — JOTO 3aJdd4u IIOMCKa JKCTPEMyMa
(I)YHKI_II/IOHaJ'Ia HNIIN OTO6pa)K€HI/ISI, KOTOPOC IICPCBOIUT BCKTOp-(l)YHKHI/II/I N3 HCKOTOPOIo
IIOAMHOXKECTBA (I)YHKHI/IOHELHBHOFO MNpOoCTpaHCTBA B YHCJIA.

Oco0eHHOCTh 3a/lad  BapUALMOHHOTO HWCYMCICHUSI — HEU3BECTHBIMH SIBIISIOTCS
GyHKIUU.

MHOXeCTBO JOMYCTUMBIX pEIICHUN 3a7ayd MPEACTaBJIsIET €000 MOAMHOMXKECTBO
HEKOTOPOTo (PyHKITMOHATIBLHOT'O TPOCTPAHCTBA.

JlomyCTUMBI€ PpEIICHUS YAOBJICTBOPSIOT OOIUM TPEOOBAaHUSIM IS DJIEMEHTOB
IPOCTPAHCTBA, HAPUMEP, HEMPEPBIBHOCTH, AUP(PEpeHIUPYEMOCTH U T. 1., a TaKXKe
OTPAaHUYEHUSAM U CBA3SIM MEXY HEU3BECTHBIMU.



ITocTaHoBKAa 3a1a4YU KJIACCHYECKOI0 BAPHAIITNOHHOI'0O HCYHUCICHUS

OO01rasg moCTaHOBKA;

J(X(),u(?)) —> inf(sup), (1)
G, (t,X(1), X(0),u() =0, G, (t,X(), O UD) <0, (2)
u(t) eu(t)eR" (3)
(t,, X(t,), 4, (1)) e T.. (4)

OXBaTBIBAeT OOJIBIIIMHCTBO 3a1a4 OIITUMAJIBHOTO YIIPABJICHUA U BAPUALIMOHHOT'O
NCUYUCJIICHUS.



ITocTaHoBKAa 3a1a4YU KJIACCHYECKOI0 BAPHAIITNOHHOI'0O HCYHUCICHUS

[epemennble X =(x',...,X") Ha3bIBAIOT (Pa306biMu  nepemeHHbIMU, 2

u=(u,...,u") —ynpasrenusmu.

OyHKIIMOHATT J MOXET OBbITh ()YHKIMOHAJIOM OJIHOTO M3 CIEIYIOIIUX TpeX
TUNOB. MHmezpanvrvlii )yHKYUOHAT UMEECT CIEAYIONTYI0 (hOpMY:

tl
J;(x(),u()) = [ (&, x(1), X(t),u(t))dt ,
t

0

: N RN r
rae (GyHKIHS fIRXR"XR"XR" - R pasppaercs UHMEe2PAHMOM.

dynkuuoHansl Buga J,(X()) =w(ty, X(t),4, (%)), rme w:RxR"xRxR" >R,
HA3BIBAIOTCS MmepMuHaibHoimu. BEcay QyHKIMOHAN IPEICTABUM B BUIE CYMMBI
MHTETPAIBHOTO M TEPMHHAIBGHOTO (DYHKIMOHANOB, TO OH HAa3bIBAETCA
DYHKYUOHANOM CMEUAHHO20 MUna.



Orpannyenust Buga (2), rae G;:RxR"xR"xR" — R 1=12 , Ha3bIBAIOTCS

@yHKYUOHANbHBIMU, @ OTPAHUYCHUS BUMA (3) — He@hyHKYUOHAIbHBIMU.

I’ panuunble ycnoeus 3aal0TCA BBIJEICHHEM B IMPOCTPAHCTBE RxR"xRxR"
MOJMHOKECTBA I~ , KOTOPOMY JOJIKHBI IPUHAJJICKATh KOHIIBI TPACKTOPHH,

T. e. Touka (t5,X(t)).t;,x(t))). Kak mpaBuno, paccMaTpuBaroTCs CIeayrOIIue
I'PAaHUYHBIC YCIIOBHUS:

— 3aKpenjieHHvle, KOrJla 3HAYECHHs TPACKTOPHUM 3aKPEIJICHbl HA 000MX KOHIIAX
orpe3ka [t,,4], mpu 3TOM caMm OTpe3oK mpeamnonaraercsi (GUKCHPOBAHHBIM:
X(ty) = Xy, X(t) =X;

— CB0O0OHDBIU NpPABLIUl UIU N€6bll KOHelYy, KOTJa COOTBETCTBYIOIIMN KOHEI
orpe3ka [ty,t;] mpenmonaraercs GuKCMpOBaHHBIM, HO HAa HEM HET YCJIOBHUS Ha
(ha30ByI0 TPACKTOPHIO;

— nepuoouueckue, Korjga oTpe3ok [t,,t] ¢ukcupoBan u (azoBas TpaekTopus

IMPUHUMACT PABHBIC 3HAYCHHUA HA KOHIIAX.



Otrpesok [t;:4;] we mnpenmonaraercs 3akperieHHBIM. Ecaum ke OH
buKcupyercs, TO COOTBETCTBYIOIIYIO 3aJauy Ha3bIBAlOT 3adauel C
3aKpEeNnIeHHbIM 8DEMEHEM.

Ecimn  ¢yskunuonan (1) sBiIgeTcs MHTErpaidbHbiM, TO 3amada (1)—(4)
Ha3bIBaeTCs 3adauel Jlacpamoica, ecnu (HYHKIIMOHAI TEPMUHAJIbHBINA, TO OHA
Ha3bIBaeTCs 3adaueli Maiiepa W, HaKOHEI, e€Cld (DYHKIIMOHAN CMEIIaHHBIM, TO
COOTBETCTBYIOIIAs 3a/1a4ya Ha3blBaeTCs 3adauell borvuya.

Bce TpM DOCTaHOBKM B 3HAYUTEIBHONM MeEpe paBHOCWIbHBIMU. Eciuu,
HalpuMep, 3aJlaH MHTETPaAbHBIN (YHKIIMOHAN, TO, BBEJS HOBYIO KOOpPJIHHATY

X" ¥ momonHUB cucTeMy (2) ypaBHeHHeM X" —f =0 ¢ rpaHMYHBIM yclIOBHEM
x"1(t,) =0, 3a1a9a 0 MUHUMH3AIMH (YHKIMOHAJIA

t1
J, = [ fdt

b



CBOAMUTCA K 3a1a4C MUHUMHN3ALIUH TCPMHUHAJIBHOT'O (bYHKHHOHaJIa

‘J2 = Xn+1(t1) .

HaoGopot, eciu Tpebyercss MHHUMH3UPOBATh TEPMUHAIBHBIA (DYHKIIMOHAI
J, =w(t,x(t))) npu uxcuposannsix 3HadeHusx Ly m X(ty), To, mpenmonaras,

yto QGyHKIMS ¥ nuddepeHuupyema, oJaoxKumM

F(t,x,X) = a"”(gt’x) +(a‘”§(’ X) xj

OTKYJ1a TIOJyYUM, 4TO

'J2 =l//(t1,X(t1)) = Jl.



Kinaccnueckue 3agaum

1. Bce pyHKUIMH, BXOASIINE B ONMCAHUE 33/1a4U, PEANOIAratoTCs MIaJKUMHU,
10 MEHBIIEH Mepe, HENMPEPHIBHO AUDPEPECHITUPYEMBIMH.
2. B HUX OTCYTCTBYIOT HE()YHKIIMOHAIbHBIC OrpaHuueHus Bujaa (3).

[IpuBeneM HECKOJBKO NPUMEPOB YACTHBIX 3a7ay, YKJIaJbIBAIOIIUXCS B
00IIIyI0 CXEMY.
IIpocmetiueti sexkmopHot 3a0ayeli Ha3bIBACTCS 3aj1a4ya CIEYIONIEro BUAA:

t
J(x(}) = flL(t, X(t),x(t)) — inf,
b ()
(X(tg), x(t)) e I
B (5) orpesok [t,.t] mnpennonaraercsa ¢GUKCUPOBAHHBIM, (YHKIUA L —
ONpEACICHHON W HeNpepblBHO AuBPepeHIIMpyeMOid B HEKOTOpPOH o00JacTu
npoctpancTBa RxR"xR"; MHOXeCTBO TI', 3ajaroliee T'paHUYHBIC YCIIOBUS,
PEANOJIAraeTcsi MPOU3BOJIbHBIM MOJIMHOKECTBOM IpocTpaHcTBa R" xR". Ecnun
n=1, To 3a7a4a (5) Ha3BIBACTCS npocmeuiuiel 3a0ayell.



3aoaueu Jlacpaniica ¢ oepaHuyeHUAMU 8 paspeuleHHou gopme u hazosvimu

OZpAHUYECHUAMU mMUna paeeHcme U HepaeeHcne Ha3blBAlOT CIICAYHOINYIO 3a/1a49Y .
t

J(x(}) = J% f(t,x(t),u(t))dt > inf 1 (6)
X=ep(,x,u) (7)
6:(tX() =0, G,(t,X(1) <0, (8)
ho (to, X(to)) = O’ hl(tl’ X(tl)) =0 , (9)
uelU (10)

3mech HMHTETPAIbHBIA (YHKIIMOHAI HE 3aBHCHT OT X. OrpaHudeHHS
paszzaeneHbl Ha paspeuiennvie — (7) u ¢gazosvie — (8). I'paHnUHbBIC YCIIOBUSA
ONHUCHIBAKOTCS COOTHOIIECHUSIMH (9).

[Ipu paccmotrpenuu 3anauu Jlarpanxa Oyaem NpeanoJiaratb, YTo OTPE30K
[to.t,] aBnsieTcs pukcupoBanHbIM 1 orpanuyeHue (10) oTCyTCTByeT.



3anada (6)—(10) Ha3pIBaeTCs A6MOHOMHOU, €CIM BO BCEX BXOISIINX B €€
onpeacncHue (QYHKIUIX M OTOOPAKEHHUAX OTCYTCTBYET SIBHAS 3aBUCUMOCTD
OT BPEMCHH.

Jlunetinbimu 3a0auamu onmuManibHo20 ynpasieHus OyJ1IeM Ha3bIBaTh 3aJ1a4U C
3aKpETUICHHBIM BPEMEHEM CJICIYIOIIEr0 BUJIA:

Y
J (@), x(®)+ (b(t)u(t)))dt — inf

b

X = At)x +B(t)u_

(9, (V). x(®))< e (1) i=1,...m,
(hkyx(tk)):ﬂkj, k=01, j=1,...,Sk’ uelU .

NHorma TtpeOOBaHME O 3aKpEIUICHHOCTH BPEeMEHU TMpPH  OINpeeSICHUU
JIMHENHBIX 3a]1a4 OITYCKaIOT.



CuiabHBIN M CJIA0BIM IKCTPEMYM B 321a49aX KJIACCHYECKOI0
BAPUALMOHHOI0 UCYMCICHUS

ITocTaBjieHHBIC BBINIE 33aJa4M O6J'IaI[aIOT BCC CIIC HCONPCACICHHOCTbIO, TAK
KaK HC OIIMCAaH KJIACC HOITYCTUMBIX 3JICMCHTOB.

3amaua Jlarpamxka (6)~(9) ¢ QukcupoBaHHBIM BPEMEHEM B paMKax
KJIACCUYECKOr0 BapUalMOHHOIO MCYMCIIEHMS OyJeT HCCIeNOBaTbCs B
O0anaxoBbIX npocTpaHcTBax Ci([ty,t;1)xC'([ty,.t,]), rome C([t,.,]) — mpocTpaHCcTBO
HenpepelBHO  nuddepeniupyeMelx  Bekrtop-pymkmmii, a  C'([t,,4]) -
IPOCTPAHCTBO HEMPEPHIBHBIX BekTop-(pyHKIMil. Hopmy B mpoctpanctBe C;
0003HaunM Kax [;, HopMmy B mpoctpancTBe C | eciii MBI XOTHM COIIOCTaBHTH €€
¢ HOpMO#l B mpocTpaHncTBe C,, mHOTHa Oymem oOo3HauaTh ||,. McciemoBaHue

MPOCTEHIIINX 3aJ1a4 MPOBOAUTCS B OaHaXOBBIX MpocTpancTBax Cl ([t.t]1).



JIokanpHEIM MUHMMYM B mpocTpanctBe Cf xC' B ciayuae 3amaum Jlarpamka,
ik B mpocrpanctBe C{ B cilydae MpOCTEHINMX 3a/1a4, HA3BIBAETCS CIAOBIM.
Nuave rosops, mapa (X«().U«()) HOCTaBISIET crabblll JOKATbHBIU MUHUMYM
¢ynkuonany J(X(),U()) B 3amaue (6)—(9), ecnu HaiigeTcs Takoe 4KuciIo & >0,
4TO 15 000 momyctumoi mapsl (X(),uU()) €Cl' xC" Takoii, uro

MO =0, <2, BO-10, <z,
BBITIOJTHSICTCSI HEPABEHCTBO

J(X(),u()) 2 I (%), U ().

[Ipu 3TOM mapa Ha3bIBa€TCA JOMYCTUMOM B 3a7aye, €CJIM OHA yJOBJIETBOPSET
orpanuueHusaM (7) u (8) u rpaHudHBIM yCIOBUSIM (9). COBEPIIIEHHO aHAJIOTUYHO
onpeAensieTcs cadbli MUHUMYM JJIsI TPOCTEUIIIEH BEKTOPHOM 3aauu (5).



JIOKanbHEIM DKCTpEMYM [0 X B TOIOJIOTHM IpocTpaHcTBa C{ HasbIBaeTcs
cunoHviM. HHade TrToBOps, nomyctumas mapa (X.(),u,()) 1aeT cunwbHbll
JIoKanbubll Munumym pyHkuuonany J B 3amade (6) — (9), ecim HalAETCS TaKoe

4UCIIO £>0, YTO I8 M1060i gomyctumoii mapsr (X(+),U()) , nns koropoii
ORCIe
BBITIOJIHACTCS HEPABEHCTBO
J(x()u()) = I(x,()u, ().

AHaJIOTUYHBIM 00pa30M OIPEACIASICTCS CHIBHBIM MUHHMMYM JJISI HPOCTEHIIEH
BEKTOPHOM 3a7a4u (9J).



JlomycTuMBbIe yHpaBJieHMsI M yHnpaBjsieMble IMPOLECCHhl B 3aJa4ax
ONTUMAJIBHOIO YHpaBJjeHus. OnruMajbHbIe MPOLECCHI

TpeboBaHuE HEMPEPHIBHOCTU YIIPABICHUM BO MHOTHX CIIy4dasx HE SIBJISETCS
€CTECTBCHHbIM. Hepeako W3 caMOlW NOCTAaHOBKM — 33J1a4d  BBITEKAET
HEOOXOJAUMOCTh paccMaTpuBaTh 0o0Jie€ MIMPOKUNA  KIJIACC  JIOMYCTUMBIX
yrpaBieHuid. HOrla B Ka4ecTBE TaKOro OepyT KJIacC KyCOYHO-HEMPEPhIBHBIX
yrpaBieHuid. B nanpHelllieM B KauyeCTBE JOMYCTUMBIX YIIPaBJICHUU OyIyT
paccMaTpUBaTbCsl MPOU3BOJIBHBIE OrPAaHUYEHHBICE HW3MEpPUMBbIE  (PYHKIWH,

IMMPUHHUMAIOIHUC 3HAYCHNA U3 MHOKCCTBA U (t) .

[Ipy Takom BBIOOpE JIOMYCTUMBIX yIIpaBiIeHHH TpeOyeTcs YTOUYHUTHh MOHSITHE
ynpasisieMoro mpornecca. IIpomecc (X(t),u(t)) HazpiBaeTca ynpasisiemviv Ha

ompeske [tyt], ecmu Ha sToM otpeske ¢ynkmms U() — mgomyctumoe

ymopasienne, X(I)  —  aGcomoTHO  HempephiBHAas — BEKTOP-(DYHKIIMS,
YJIOBJIETBOPSIIOIIAsl MOYTH BCIOAY YpaBHEHUIO (7).



B monsTHE IOMyCTUMOrO YIPAaBISEMOTO Ipolecca BKIKOYAECTCS U OTPE30K
BPEMEHHU, HA KOTOPOM 3TOT IMPOILIECC pACCMATPUBACTCHL.
Takum 00pa3zoM, ynpasisgeMbli NPOIECC, NOMYCTUMBIN B 3a1a4de (6)—(10), ato

tpoiika (X(t),u(t),[ty.t,]) Takas, uro BekTOp-dpyHKmEm X(t) u U(t) obpasyror
yIPaBIAEMBIN NIpoLieCC Ha OTpe3kKe [ty,t], U mpu 3TOM (ha30BbIEC IEPEMEHHBIE (1)
YIOBJIECTBOPSIOT (ha30BbIM OTPAHUUCHUAM (8) U TPaHUYHBIM yCIIOBUSIM (9).
Homyctumbrii  miportece (X« (t),Ue(t).[tox11x]) HazoBem onmumanrvuviv, ecmm
Haiinercas € >0 Ttakoe, 4To I BCAKOrO IPYroro JOMYCTUMOIO IPOLECCa

(x@®),u®).[ty:t,]), mma koroporo mpu Bcex telty,t]1N[tyt.]) BBIIONHAIOTCS

<&, [ty —tn <& U [X(t) - x.(t) <&, IMEET MECTO HEPABEHCTBO

J(x(),u()) 2 I (x.(),u. ().

B ommcanHoi cuTyanuud roBopsAT emre, 4ro mpomece  (Xu(t),U.(t),[tox.ty])

YCJIOBUA \to — Lo

JOCTaBIISCT CHIIBHBIM MHHUMYM B 3ajaade (6)—(10).



Takum 00pa3zoM, BO3BpalllasiCh K 3aJadyaM KJIACCUYECKOTO BapHUAIMOHHOIO
VUCUMCIICHUS, B PACIIUPEHHOE OHUMAHUE CUJIBHOTO MUHUMYMAa BKJIAJIbIBACTCS
cienyrommn  cmbici.  [Ipowumroctpupyem e€ro  Ha  BEKTOPHOM — 3ajade
KJIACCHYECKOTO BAPUALIMOHHOT'O UCUUCIICHHUS.

Bbynem roBoputh, 4To BEeKTOP-QYHKIHSA X.(t) JTOCTABISCT CHIBHBIA MHHUMYM
B 3agaue (5), €ClIM CYIIECTBYET ¢>0 TaKo€, YTO IS BCIKOM (DyHKIHMH

x(t) eW 2, ([ty, 4, 1), ymoBieTBopsromeii rpaHUYHBIM YCIOBUSM M HEPABEHCTBY

X() =% <¢,
MMEET MECTO HEPABCHCTBO

J(x()) = I (%.())



JJIeMEeHTAPHBbIN BHIBOJ HEO0OX0AMMbIX YCJIOBHI IKCTPEMyMa
JJISL IPOCTEHIIUX 32124 KJIACCUYECKOT0 BAPUAIMOHHOI0 UCYUCJICHUSA

BriBog Heobxooumvix ycnosuil Junepa.

HauneMm ¢ mpocrenien 3a1a4m BapualdOHHOTO UCYUCIIEHUS
C 3aKpPEIJICHHBIMM KOHIIAMU:

t, )
J(x()) = jL(t, X(t), x(t))dt — inf,

o (11)
X(tg) = Xg, X(tg) = Xq.

[Ipeanonoxum, uro ¢yrxuus L(LX,Y) menpepwiBHo nuddepenimpyema B

/

HekoTopoi obmactn U mpoctpancrta R3. 3amauy (11) GyneM mcciieoBaTh Ha

cna0bIii SKcTpeMyM, T. €. B mpoctpanctee C ([ty,t]1).



BriBo1 ypaBHEHUS Diliepa COCTOUT U3 TPEX ITAIIOB.

IlepBBlii 3Tall COCTOMT B JOKa3aTelIbCTBE TOrO, YTO (YHKIHOHAT J
oOlajacT IepBOM BapHalued B 000i Touke X«() Takoi, YTO TOYKH
(X (1), (1), telt),t,], mnpunamiexar obmactu U, u B HOIydYEeHUH
HEOOXOIMMOr0 YCJIOBUS B TEPMUHAX IIEPBOM BapHalyu. PaccMOTpuM (DyHKIUIO
OJHOM TIEPEMEHHOM

4 4
P(A) = I (X () + AX(")) = jw(t, A) dt :I L(t, X, (t) + AX(t), X, (1) + AX(1)) dt (12)
tO tO ,
nopoxaeHnyio sapuayueii X(t,A) =X () + AX(t) Toukm *«() mo HampaBneHHIO
Ttoukn X(-). IIpm Hammx AOMYIICHUSX OTHOCUTENBHO L, X.() m X() dyHKIHS

w(t,A) sensercs nudpdepeHupyeMoi 1o A mpu JOCTATOUHO MANLIX A, U IpU

0
5TOM IIPOU3BOIHASA alﬁ HENPEPBIBHA, TaK Kak 8’”6(;’ A 2 L (8, X (1) + AX(1),
%, (1) + AX(DX(E) + L (6, % (1) + AX(E), % (1) + X))




CnenoBarenbHo, naonyctumo auddepenuupoanue B (12) mox 3HakoM
WHTETpANa U MPU ITOM

t1
¢'(0) =83 (x.(),x()) = [(a(t)x(t) + p(t)x(D)) dt
t

0

WIS
G(t) = Ly (t, X (1), %+ (1)), p(t) = Ly (1, x.(1), X (1))

Tax kak uccnenyemas ¢yukius *«(t) momycruma, To mms a0608 QyHKIMH
x(t), npunamnexaniei noanpoctpanctBy Lo = {x(t) €Cy([t,.1,]) | x(t,) = x(t;) =0},
pynkums X«(t) + AX(t) 6yner npoxomuts yepes Te ke TpaHUUHBIE TOUKH, YTO U
dynxmusa X(t). Cnenosarensno, ecim X«(t) ects pemenue 3amaunm (11), To npu
ycinoBuu, X()ely, dynkusa, ompeaensieMas cooTHouieHueM (12), moikHa

UMETh MUHUMYM B TOYKE HyJib. B uTore moiiyuaem HE0oOXOIUMOE YCIOBUE
JIKCTpEMyMa

@'(0) = (X(),X()) =0, mns Beex X() € L. (13)
IIepBbIil 3Tall BBIBOA 3aKOHYEH.



