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1 Êîìáèíàòîðèêà

1.0.1 Ïðàâèëî ïðîèçâåäåíåèÿ

Åñëè ýëåìåíò a ∈ A ìû ìîæåì âûáðàòü n ñïîñîáàìè è ïîñëå êàæäîãî òàêîãî âûáîðà ýëåìåíò èç b ∈ B ìîæåì
âûáðàòü m ñïîñîáàìè, òî ïàðû ab ìû ìîæåì âûáðàòü n ·m ñïîñîáàìè. |X1 × . . .×Xn| = |X1| × . . .× |Xn|.
Â n-ìåðíîì âåêòîðíîì ïðî-âå íàä GF (p) åñòü pn ýëåìåíòîâ. (Äâîè÷íûõ âåêòîðîâ äëèíû n áóäåò 2n øòóê).

1.0.2 Îïð

Âûáîðêà ñåìåéñòâàâà ýëåìåíòîââ ai1 , . . . , ajk èç A = {a1, , ...an} íàçîâåì âûáîðêîé îáúåìà K èç n ýëåìåíòîâ.

1. Óïîðÿäî÷åííàÿ âûáîðêà îáúåìà K èç n ýëåìåíòîâ áåç ïîâòîðåíèé.
(n, k) - ïåðåñòàíîâêà, A(n, k) - ÷èñëî òàêèõ âûáîðîê.

Ëåììà 1: A(n, k) = n · (n− 1) · (n− 2) . . . (n− k + 1) = [n]k.

Äîê-âî: î÷åâèäíî :).

∀x ∈ R : [x]k = x · (x − 1) · . . . · (x − k). k ∈ Z, k ≥ 0 ò.ê. ìû äîëæíû èìåòü öåëîå êîë-âî ñêîáîê,
ðàâíîå k.
[x]0 = 1, [n]n = n!.

Ïðèìåð: (3, 2)-ïåðåñòàíîâêè: ab, ac, ba, bc, ca, cb.

2. Óïîðÿäî÷åííàÿ âûáîðêà îáúåìà K èç n ýëåìåíòîâ ñ ïîâòîðåíèÿìè. Â(n, k)

Ëåììà 2: Â(n, k) = nk. Äîê-âî î÷åâèäíî.

Ïðèìåð: Â(3, 2) = 9. Â îòëè÷èå îò ïðåäûäóùåãî, ìîãóò áûòü ïîâòîðåíèÿ: aa, bb, cc.

3. Íåóïîðÿäî÷åííûå âûáîðêè îáúåìà K èç n ýëåìåíòîâ áåç ïîâòîðåíèé. (n, k) - ñî÷åòàíèÿ. Îáîçí.
(n, k).
(3, 2)-ñî÷åòàíèÿ: ab, ac, bc. C(3, 2) = 3.

C(n, k) =
[n]k
k!

=

(
n

k

)
= Ck

n =
n!

k!(n− k)!
, x ìîæåò áûòü èç R.

Äîê-âî: (n, k) =
A(n, k)

k!
=

[n]k
k!

. ÷.ò.ä.(
n

k

)
= 0, ïðè k > n

Ïðèìåð: ×èñëî äâîè÷íûõ âåêòîðîâ äëèíû n ñ k åäèíèöàìè ðàâíî ÷èñëó k-ýëåìåíòíûõ ïîäìíîæåñòâ
n-ýëåìåíòíîãî ìíî-âà è ðàâíî

(
n
k

)
. ((x1, . . . , xn) ∈ {0, 1}n , {0, 1}n - ÷èñëî äâîè÷íûõ êàðòåæåé/íàáîðîâ -

êàê áîëüøå íðàâèòñÿ).

4. Íåóïîðÿäî÷åííûå âûáîðêè îáúåìà k èç n ýëåìåíòîâ ñ ïîâòîðåíèÿìè. Îáîçíà÷èì Ĉ(n, k)

Ĉ(3, 2) = 6 (ïðåäûäóùèå ab, ac, bc ïëþñ ïîâòîðåíèÿ aa, bb, cc).
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Ëåììà 4: Ĉ(n, k) =

(
n+ k − 1

n− 1

)

Äîê-âî: Äàâàéòå ïîñòðîèì áèåêöèþ ñ ìíîæåñòâîì, êîë-âî ýëåìåíòîâ êîòîðîãî ìû ìîæåì ïîñ÷èòàü.
r1, . . . , rn - ãäå ri - ÷èñëî âõîæäåíèé ai â âûáîðêó.∑
ri = k, ri ≥ 0

Ðàññìîòðèì äâîè÷íûé êàðòåæ, ó êîòîðîãî: 0 . . . 0︸ ︷︷ ︸
r1

1 0 . . . 0︸ ︷︷ ︸
r2

1 . . . 1 0 . . . 0︸ ︷︷ ︸
rn

- äëèíà n+ k − 1, åäèíèö n− 1.

Ïîëó÷àåì áèåêöèþ ìåæäó íåóïîðÿäî÷åííûìè âûáîðêàìè ïî k èç n ýëåìåíòîâ áåç ïîâòîðåíèé è äâîè÷íûõ
êàðòåæåé äëÿ (n+ k − 1) c (n− 1) åäèíèöàìè.

Ïîëó÷àåì

(
n+ k − 1

n− 1

)
÷.ò.ä.

1.1 Áèíîì Íüþòîíà

∀n ∈ N (a+ b)n =

n∑
k=0

(
n

k

)
akbn−k.

Ñëåäóùèå âåùè âåðíû ∀n, k ∈ N, k ≤ n

1.

(
n

k

)
=

(
n

n− k

)

2. òîæäåñòâî Ïàñêàëÿ:

(
n

k

)
=

(
n− 1

k

)
+

(
n− 1

k − 1

)

3.

n∑
k=0

(
n

k

)
= 2n

4.

n∑
k=0

(−1)k
(
n

k

)
= 0

5. Ëåììà 6: (òîæäåñòâà Âàíäåðìîíäà): ∀n,m | k ≤ n, k ≤ m
(
n+m

k

)
=

n∑
s=0

(
m

s

)
·
(

n

k − s

)

Äîê-âî :

6. Ëåììà 7: ∀n ∈ N
(
2n

n

)
=

n∑
k=0

(
n

k

)2

Äîê-âî:

(
2n

n

)
=

(
n+ n

n

)
=

n∑
k=0

(
n

k

)(
n

n− k

)
=

n∑
k=0

(
n

k

)2

÷.ò.ä.

Ïðèìåð 5 ðó÷åê, 7 êàðàíäàøåé. Ìîæåì âûáðàòü 1 ïðåäìåò. 12 âàðèàíòîâ :)

1.1.1 Ïðàâèëî ñóììû

Åñëè èç A ìîæíî âûáðàòü n ñïîñîáàìè, èç B ìîæíî âûáðàòü m ñïîñîáàìè. Èç A èëè B ìîæíî âûáðàòü n+m
ñïîñîáàìè.
∀ ðàçáèåíèÿ ìíî-âà S íà S1 ∪ S2 ∪ S2 . . . ∪ Sn, ∀i 6= j Si ∩ Sj = ∅ : |S| = |S1|+ . . .+ |Sn|.

Ïðèìåð: òîæäåñòâî Ïàñêàëÿ (1.1.2).
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Äîê-âî: ðàçîáúåì ìíî-âî âñåõ (n, k)-ñî÷åòàíèé íà 2 ìíî-âà:

1. Åëåìåíò a ïîïàë â íàøå ñî÷åòàíèå ⇒ îäèí óæå åñòü, èç îñòàøâèõñÿ n− 1 âûáèðàåì íóæíûå k − 1.

2. Åëåìåíò a íå ïîïàë â ñî÷åòàíèå.

(1) + (2) = âñåì ñî÷åòàíèÿì =

(
n− 1

k − 1

)
+

(
n− 1

k

)
=

(
n

k

)
.

|S1∪ ...∪S2|, Si <= S ← ýòî èíòåðåñíàÿ ñòðî÷êà, êîòîðóþ ÿ òàê è íå ïîíÿë, ê êàêîìó ïóíêòó ëó÷øå îòíåñòè
. . . 1.

1.1.2 Ëåììà 8:

|A ∪B| = |A|+ |B| − |A ∩B|.

Äîê-âî :

1.1.3 Ëåììà 9:

|A ∪B ∪ C| = |A|+ |B|+ |C| − |A ∪ C| − |A ∪B| − |B ∪ C|+ |A ∪B ∪ C|.
Äîê-âî êàðòèíêîé:

1.1.4 Òåîðåìà 1: (ôîðìóëà âêëþ÷åíèé-èñêëþ÷åíèé)

Ïóñòü A - êîíå÷íîå êîíå÷íîå ìíî-âî, A1 . . . An ⊆ A. Òîãäà |A \ (A1 ∪ . . . ∪An)| =
n∑

k=0

Sk,

Sk =
∑

{i1...ik}⊆{1...n}

|Ai ∩ . . . ∩Ak|

|S \ (A ∪B ∪ C)| = S0(|S|)− S1(|A|+ |B|+ |C|) + S2(|A ∩B|+ |B ∩ C|+ |A ∩ C|)− S3(|A ∩B ∩ C|).

Äîêàçàòåëüñòâî. Ïåðâûé ñïîñîá: èíóäêöèÿ ïî n - ä.ç.

Äîêàçàòåëüñòâî. Âòîðîé ñïîñîá: x ∈ A - ðàññìîòðèì âêëàä x â ëåâóþ è ïðàâóþ ÷àñòü íåðàâåíñòâà.

1. x ∈ A \ (A1 ∪ . . . ∪An)
ñëåâà äàåò 1. ñïðàâà òîëüêî â S0, ò.å. 1 ðàç.

2. x ∈ (A1 ∪ . . . ∪An)
ñëåâà äàåò 0. Ïóñòü x âñòðå÷àåòñÿ ðîâíî â t ìíîæåñòâàõ Ai1 . . . Ait , â S0 îí âñòðåòèñÿ 1 ðàç
â S1 îí âñòðåòèòñÿ t ðàç

â S2 :
∑

1≤j1<j2≤n

|Aj1 ∩Aj2 | =
(
t

2

)
ðàç

â S3 :

(
t

3

)
...

â St :

(
t

t

)
= 1 ðàç

Âñåãî ñïðàâà îí âñòðå÷àòåñÿ 1− t+
(
t

2

)
−
(
t

3

)
. . .+ (−1)t

(
t

t

)
=

t∑
j=0

(−1)i
(
t

i

)
ïî òîæäåñòâó 4

= 0. ÷.ò.ä.

1.1.5 Çàäà÷à î áåñïîðÿäêàõ

π = (π1, . . . , πn) - ïåðåñòàíîâêà (1, . . . , n).
Íóæíî íàéòè ÷èñëî ïåðåñòàíîâîê èç n ýë-îâ ìíî-âà, â êîòîðîûõ íèêàêîé ýë-ò íå îñòàëñÿ íà ìñòå.

1íàâåðíîå, âñ¼-òàêè ê íèæíåìó . . .
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Äîêàçàòåëüñòâî. (∀i πi 6= i).
A - âñå ïåðåñòàíîâêè. ∀i Ai ↔ πi = i.
A \ (A1 ∪ . . . ∪An) - èñêîìîå ìíî-âî.
|A| = n!⇒ S0 = n!
|Ai| = (n− 1)!

Si =

n∑
i=1

|Ai| = n · (n− 1)!

|Ai ∩Aj | = (n− 2)!

S2 =
∑

1≤i<j≤n

|Ai ∩Aj | =
∑

1≤i<j≤n

(n− 2)! =

(
n

2

)
(n− 2)!

|Ai1 ∩ . . . Aik | = (n− k)!

Sk =
∑

1≤i1<...<ik≤n

(n− k)! =
(
n

k

)
(n− k)!

|A \ (Ai ∪ . . . ∪An)| =
n∑

k=0

(−1)kSk =

n∑
k=0

(−1)k
(
n

k

)
(n− k)! =

n∑
k=0

(−1)k n!

(n− k)!k!
(n− k)! = n!

n∑
k=0

(−1)k

k!
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